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Abstract-A stability criterion for a neutral difference equation with delay is established which 
extends and improves a result of Ladas et al. [l]. Our derivation is based on Lyapunov’s direct method 
for stability, and avoids the approach employed by Ladss et al. who had considered asymptotic 
behaviors of oscillatory and nonoscillatory solutions. 
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SECTION 1. 
Qualitative theory of discrete processes has drawn some attention in recent years. In particular, 
oscillation properties of discrete analogs of delay differential equations have been studied recently 
by a number of authors (see e.g., [l, Chapter 71). On the other hand, relatively little is known 
about the global stability behavior of all solutions of these discrete equations. In [2], Ladas et al. 
established the following stability criterion for a difference equation of the form 
Axe, + qnx,-, = 0, n = 0, 1,2,. . . ) 
where r is a nonnegative integer, and {qn}p is a positive sequence. 
THEOREM. Suppose {qn} is a positive sequence and r is a nonnegative integer such that 
(1) 
n+T 
limsupx qi < 1 
n-CC 
i=n 
and Qn = 0, 
n=O 
then the trivial solution of (1) is globally asymptotically stable, i.e., every solution of (1) con- 
verges to zero. 
In this note, we shall establish an improvement of this result in the following manner. 
THEOREM. Suppose {qn} is a positive sequence and T is a nonnegative integer such that 
n+2T 
limsup C qi<2 
71-00 
i=n 
and 4n = 00, 
n=O 
then the trivial solution of (1) is globally asymptotically stable. 
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We first show, by means of an example, that our result improves that of Ladas et al. Let qn 
be defined by 
qo=41=92=;, 
1 
q3 = 44 = lo? 
Since 
4n = qn+5, n 2 0. 
n+4 
limsupCpi=i<2, 
n-m iCn 
we may conclude from our result that the trivial solution of the difference equation 
Ax, + qnxn--2 = 0, n = 0, 1,2,. . . 
is globally asymptotically stable. 
result of Ladas et al., since 
The same conclusion, however, cannot be inferred from the 
limsup 2 qi = i > 1. 
n-+aJ kn-2 
Note that the condition of the first theorem implies that of the second. Our example then shows 
that the second improves upon the first. 
SECTION 2. 
Our derivation is based on Lyapunov’s direct method for stability, and avoids the approach 
employed by Ladas et al. who had considered asymptotic behaviors of oscillatory and nonoscil- 
latory solutions. This technique also allows us to consider a more general difference equation of 
the form 
A (xn + cxn-,) + qnxn-, = 0, n = 0, 1,2, . . . , (2) 
where (c( < 1, (z and r are nonnegative integers and {qn} is a positive sequence of real numbers. 
A few preparatory observations will be needed. Let ~1 = - max{g, r}. By a solution of (2), we 
mean a sequence {z,}r which satisfies (2) for n > 0. Since (2) is a recurrence relation, it is not 
difficult to see that the standard existence and uniqueness theorem for solutions holds. The zero 
solution of (2) is said to be globally asymptotically stable if every solution {x,} of (2) tends to 
zero as n tends to infinity. 
Our main result is motivated by the following observations. 
(3) 
LEMMA 1. Assume that 
qn = 00, 
n=O 
then every solution of (2) which is convergent will tend to zero. 
PROOF. Let (5,) be a solution of (2) which tends to some constant Q. If cx # 0, we may assume 
without loss of generality that QI > 0. Then, there is an integer T such that for n 2 T, we have 
x~_~ > a/2. In view of (2), we see that 
A (zCn + cx,_,) 5 7, n 2 T. 
Stability Criterion 
By summing the above inequality, we see that 
xn + cxn_o < XT = CXT-0 -;&Pi. 
In view of (3), xn + cxn_, will tend to minus infinity as n tends to infinity. This contradicts our 
assumption that {xcn} is convergent. I 
Next, note that equation (2) can be rewritten in the following form: 
n-1 
xn + cxn-, - c qi+Txi n > 0. 
i=?l-r 
For the sake of convenience, let 
n-1 
yn = xn + cx,-, - c qi++i, 
i=n-7 
then, 
and 
AY, = -qn+rxn, 12 2 0, 
Yn+l + Yn = 2Ytl - Qn+r%. 
(5) 
Therefore, we have 
Yzl+1 - = (-Qnfd4 PY, - qn+rxn) 
n-1 
= qn+T &+7X: - 24 - 2CXnXn-CT + C 29i+~xixn 
i=n--7 1 / 72-l \ 
I 4n+s 
i 
Qn-trXn 2 - 2x; + ICI (x2 + x;J + c qi+7 (xf + xi) 
1 
. (6) 
i=n-7 
LEMMA 2. Let {xn} be a solution of (2). Suppose the sequence (2/n} defined by (4) converges, 
then so does {xCn}. 
PROOF. Suppose {x,} is a solution of (2) such that {yn} defined by (4) converges to ,O. We shall 
show that {x,} converges to p/(1 + c). Note first from (4), that 
C Qi+rXi = Yn - P, 
i=N 
which implies 
and 
Thus, 
n-1 
lim C Qi+TXi =O. 
71-00 &n-T 
n-l 
lim (x, + Cxn-cr) = lim 
n-+cc 
i 
Yn + C qi+TZi 
n-cc 
$=72--T I 
= P. (7) 
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We assert that {xn} is bounded. Otherwise, there is a sequence {mi} of integers such that 
mi+oo,~x,i(--tooasi+coand 
Consequently, 
lXrni + c3&Q-ol 2 lG7a.l - ICI lGni---crl 2 (1 - I4 IGnil + CQ asi-tcq 
which contradicts (7). 
Let 
w+ = limsupx,, W- = lim inf xn, 
and let {si} and {ti} be two integer sequences such that si ---) 00 and ti + 00 as i + cm and 
w+ = lim xsi, w- = 
i-ccl 
lim xti. 
i-co 
Consider the following two cases: (i) 0 5 c < 1, and (ii) -1 < c < 0. In the first case, 
fl= Jim (xsi + CX+_~) = w+ + c lim xsi--cr L w+ + cw-, 
*-+oo i--*00 
and 
/3 = Jim (xti + cxt,_O) = w- + c lim xti+ < w- + cw+. 
1’00 i-*00 
Thus, 0 5 w+ - w- 5 c (w+ - w-), so that w+ = w- = P/(1 + c). 
In the second case, we have 
w+ = lim xsi 
i+m 
= lim (xsi + cx,*_-o 
i--r00 
- cxc,*_,) = p - c lim x8i_0 
i-%X 
5 @ - w+, 
and 
w- ZZ lim xt, 
i--ma 
= /i& (xti + cxti_O - cxti_c) = p - c/;rn,x,-- 2 p - cw-. 
i 
Thus, W+ 5 p/(1 + c) < w-, which implies w+ = w- = p/(1 + c). The proof is complete. I 
SECTION 3. 
In view of Lemmas 1 and 2, in order to show that the trivial solution of (2) is globally asymp- 
totically stable, that is, every solution {x~} tends to zero, we shall need a sufficient condition 
such that for every solution {xn} of (2), the sequence {yn} defined by (4) will tend to a constant. 
LEMMA 3. Suppose 
~~~(Icl[1+~] +gc74 <2, 
then every solution of (2) tends to a constant. 
PROOF. We shall construct a nonnegative Lyapunov functional V which is eventually nonin- 
creasing along solutions of (2). Let {x,} b e a solution of (2), and let (yn} be defined by (5). 
Let 
p* = Y$ n 1 0, 
n-1 
Qn = c lcIqi+o+r& 
i=TL-C7 
and 
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n-l n-l 
n 2 0. 
i=n-7 j=i 
Then, P,,, Q,,, R, 10 for n 10 and 
APn = y:+l -Y:, 
A&n = lclqn+o+& - lclqn+rx:_m 
73-l 
AR, = 2 qn+Tqi+2& - c 
2 
Qn+rQi++Xi ’ 
i=n+1-7 i=n-T 
Therefore, 
V(~J=Pn+Qnf&20, 7-b 2 0. 
Furthermore, in view of (6), we may show by straightforward calculation that 
AV(xn) = A(P, + Qn + Rn) I {-,,I., [I+=] +gp,j~4h+Tx~~. 
In view of (8), 
AV(4 I --6 {qn+rx?,} I 0, 
for all large n, where E is some sufficiently small positive number. This shows that 
lim V(z,) = /nm (P, + Qn + R,) = p 2 0, 
n+oo 
and 
E 2 qn+& L V (2~) - J?imV (~+l) = V (XN) - P, 
n=N 
where N is some large integer, which implies that 
Next, we note that the condition (8) implies 
so that 
n-1 n-l 
Qn = C IcIqi+u+Txf < 2 C qi+Txfy 
i=n-8 i=n-a 
for all large n. Similarly, the condition (8) implies 
i=n-s 
(9) 
and 
n-1 
C Qi+24j+rX; < 2qj+TXj 
i=n-7 
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for all large n. Thus, 
72-l n-1 n-1 
Rn < c c Qi+27qj+Tx; < 2 c < qj+rxj”, 
i=n-_Tj=~-T j=n-7 
for all large n. Therefore, R, and Q, tend to zero in view of (9). This shows that 
lim lynj = nlFm lP,\1’2 = p1i2. 
71’oc) 
We assert further that {y,} converges. In fact, this is clear if p = 0. If p > 0, it suffices to show 
that {yn} is eventually positive or eventually negative. Otherwise, pick a number E such that 
0 < & < p1/2 and let N be a positive integer such that 
P u2 - E < Jynl < y2 + E, n=N,N+l,..., (10) 
and let 
I = {n 2 N 1 yn > 0) and J = {n > N I y, < 0). 
Since {y,} is neither eventually positive nor eventually negative, I and J are unbounded, thus, 
we may then pick a divergent sequence of integers ni such that 
N 5 7x1 < n2 < ‘.. < ni, 
Then, gn,+l < 0 and gni > 0. Furthermore, 
ni E I and ni + 1 E J. 
by (lo), we easily see that 
2 _p’/2 ( - E > < Yn,fl - Iin, -c 2 -$I2 + E ( > < 0, i > 1. 
But then we have, in view of (5), the following boundedness property of {qn,+sx,s}: 
012(+ ) E < Cfn,++w = Yni - YTI.+I < 2 ($I2 + E) , i > 1. (11) 
In view of (9) and (ll), we see that {x~, } converges to zero, for otherwise 
0 < Jim h.,+dk, x,, = 0. 
Finally, condition (8) implies {qn} is bounded so that {q n,+7xni} converges to zero which 
contradicts (11). We have thus shown that {yn} converges. The proof is complete. I 
As an immediate consequence of Lemmas 1, 2 and 3, we have the following stability criterion 
for equation (2)) which contains the second theorem as the special case c = 0. 
THEOREM. Suppose ICI < 1, {qn} is a positive sequence and CT, r are nonnegative integers such 
that conditions (3) and (8) hold, then the trivial solution of (2) is gJobaJJy asymptotically stable. 
We remark that, in the above theorem, we may relax the assumption on {qn} and require 
instead that {qn} is nonnegative, provided c = 0, or the quotient qn+o+7/qn+7 is well defined. 
The proof is the same and need not be repeated. 
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